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Monte Carlo calculation of the free energy for a dense fluid 
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Abstract. In this paper, a simple and direct approach to the free energy of a dense simple 
fluid away from critical point is considered. Standard Monte Carlo sampling of free energy 
difference relative to a reference system far a range of model system sires is employed. By 
using a range of a small number of particles, mul1i-stage samplings can be avoided and 
exponential extrapolation to the thermodynamic limit is assured in the absence of nearby 
critical point. The technique is demonstrated for the dense fluid interacting with the rF" 
repulsive potential in three dimensions. The hard-sphere fluid reference system is used. 
The free energy estimate is  in excellent agreement with published results from standard 
thermodynamic integration of the equation of state obtained from Monte Carlo simulation. 

In the study of thermodynamic properties of dense fluids, it is important that one can 
calculate free energy efficiently (for a review, see Allen and Tildesley 1987). There are 
three approaches. The first is to use various integral equations or thermodynamic 
pertarba!ian theories (for rcvic?vs, sce !+ansen and McDanaId !976, Barker and 
Henderson 1976). These methods are efficient and yield results in the thermodynamic 
limits, but are approximate. The second approach is computer simulation using 
molecular dynamic or Monte Carlo simulations (Allen and Tildesley 1987, Binder 
1979). This approach is computationally intensive and yields the free energy with the 
aid of thermodynamic integration (Binder 1979). Such a method produces numerically 
exact estimates for a finite number of particles and often large number of particles are 
used to give good estimates for the thermodynamic limit. The third approach makes 
use of the Monte Carlo sampling of free energy differences between a reference system 
and the model system of interests (Valleau and Torrie 1977). This group also includes 
sampling of chemical potentials with the test particle method (for a review, see Widom 
1982, Shing and Gubbins 1982). For systems with a large number ofparticles, multi-stage 
sampling (Valleau and Torrie 1977) is needed and the method becomes computationally 
demanding. 

One direct and simple solution to this difficulty is to use a small number of particles 
and avoid the need for multi-stage sampling. The thermodynamic limit is then obtained 
by extrapolation of data for a range of system sizes. In the absence of a nearby critical 
point, there are no diverging length scales and the approach to the thermodynamic 
limit for a system with periodic boundary conditions is known to be exponential in 
the system sizes. (For a discussion of the exponential convergence, see Barber 1983.) 
Although these techniques seem to be very reasonable and straightforward, implementa- 
tion for dense fluid model systems appears to be absent in the literature. In  this paper, 
we provide such a contribution by considering the dense fluid interacting with the r-I2 
repulsive potential in three dimensions, where r is the separation between particles. 
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a range of L and extrapolated to the large L limit. Finally, f L / k , T  can be 
estimated by using fm( t ) ) / k , T  from the Carnhan-Starling free-energy density for the 
hard-sphere fluids (Carnahan and Starling, 1969, 1970). 

We consider a sequence of system sizes with N, = 64, 100, 150 and 200. Standard 
Monte Carlo sampling (for a review, see Binder 1979) is used with < l o 5  Monte Carlo 
moves per particle after equilibrium. Error estimates are obtained from using typically 
four different runs. The optimum value of t) was found to be 0.33. An eCBL dependence 
was assumed for 8 j L j k B i  and B =O:i was iound to provide a good iit (see figure i j .  
The extrapolated value is 2.017*0.06 and fl is obtained as 4.23*0.06, in good 
agreement with 4.253 obtained from equation (17) of Hansen (1970). A value of fm 

( 7  =0.33)/kBT=2.212 74 was taken from Carnahan and Starling (1969, 1970). 
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